We investigate the multidimensional non-isentropic Euler-Poisson (or full hydrodynamic) model for semiconductors, which contain an energy-conserved equation with non-zero thermal conductivity coefficient. We first discuss existence and uniqueness of the non-constant stationary solutions to the corresponding drift-diffusion equations. Then we establish the global existence of smooth solutions to the Cauchy problem with initial data, which are close to the stationary solutions. We find that these smooth solutions tend to the stationary solutions exponentially fast as t → +∞.
Introduction
In recent years there has been an increasing interest in the use of hydrodynamic-type models versus classical drift-diffusion models [22] . This is due to the need to model ever smaller devices and therefore the analysis obtained by the classical drift-diffusion models has previously been quite inaccurate. The relation between the drift-diffusion model and the classical isentropic hydrodynamic model was then developed in [20] and later investigated in [11] . However, the computational complexity of the hydrodynamic models was still forcing the use of drift-diffusion type modelling, hence the investigation of more realistic situations need to use a generalized version of the drift-diffusion models, namely the so-called 'energy transport' models. These new models were derived from extended thermodynamics in [4] [5] [6] and other references quoted therein. There was a parallel analysis in [8, 17] which deduced essentially the same energy transport models. The paper by Ali et al . [2] presented the correct asymptotics to deduce the energy transport from the full hydrodynamic models. In this paper, we are interested in a multidimensional non-isentropic hydrodynamic model for semiconductors. After appropriate for (x, t) ∈ R d × [0, +∞), d = 2, 3, here n, u, Φ and T denote the electron density, the electron velocity, the electrostatic potential and the carrier temperature, respectively. The coefficients κ, τ p and τ w are thermal conductivity coefficient, the momentum relaxation time and energy relaxation time, respectively. In general, the physical constants may depend on n and T . In this paper, we only discuss the case when τ 1 , τ 2 and κ are constant. The positive constant T (0) is the ambient device temperature. The function b(x) denotes the prescribed density of positively charged background ions (doping profile). Often the energy Equation (1.1) 3 is replaced by a pressure-density relation p(n) = kn r , k > 0, r 1; the corresponding model is referred to as the unipolar isentropic hydrodynamic model for semiconductors. Furthermore, if there are both electrons and holes present, we regard the model as the bipolar isentropic (or non-isentropic) hydrodynamic model for semiconductors. For more discussion on these models in physics and engineering, and their derivation from kinetic transport models by the moment method, we refer the reader to [17, 22] .
For simplicity, we can assume that the constants κ, τ 1 and τ 2 are 1, but this does not affect the subsequent analysis. Moreover, introducing the electric field e by e = ∇Φ, we can rewrite (1.1) as n t + ∇ · (nu) = 0,
T t + u · ∇T + We consider the Cauchy problem of (1.2) in this paper, and supplement (1.2) with the following initial data:
(n(x, 0), u(x, 0), T (x, 0)) = (n 0 (x), u 0 (x), T 0 (x)), x ∈ R d , d = 2, 3. 5) and
It is expected that the solutions of (1.2) and (1.3) tend to some stationary solutions as t → +∞. Let us now turn our attention to considering the steady-state drift-diffusion equation when the velocity u = 0 (the total thermodynamic equilibrium steady state). We can investigate the stationary solution (N, E) of the system
under the assumption of
Since Degond and Markowich started a mathematical analysis for the simplified steady-state hydrodynamic model in [7] , hydrodynamic models for semiconductors have attracted a lot of attention because of their ability to model hot-electron effects that are not accounted for in the classical drift-diffusion model. Some topics such as the steady-state solutions [7, 8, 10, 21] , weak solutions [9, 16, 20, 25, 27] , and the relaxation relation between the hydrodynamic model and the drift-diffusion model [16, 20] , have been studied extensively. In particular, after Luo et al . [18] first investigated the global solutions and the asymptotic behaviour of the smooth solution to the Cauchy problem for the one-dimensional isentropic hydrodynamic model, Hsiao and Yang [14] discussed the corresponding initial-boundary-value problem, Markowich et al . [15] investigated the multidimensional isentropic hydrodynamic model case, and Guo [12] studied the multidimensional isentropic irrotational case. Furthermore, Hsiao and Wang [13] discussed the large-time behaviour of the solutions for the one-dimensional non-isentropic EulerPoisson equation for semiconductors, while Ali et al . [3] and Ani [1] investigated the onedimensional and the multidimensional non-isentropic cases with the zero-thermoductivity coefficient. It is more interesting to study the multidimensional general hydrodynamic system for semiconductors, but it is very difficult to establish the global existence of weak or smooth solutions. This paper addresses the important question of the asymptotic stability of the steady states for the hydrodynamic models. This question is important because the steady states of the full hydrodynamic models coincide with those of the classical drift-diffusion model. Therefore, by proving the asymptotic stability, we can conclude that the classical drift-diffusion model can replace the full hydrodynamic model when the initial data are close to the steady regime. This is the purpose of the present paper. This task is achieved by means of standard energy-type methods, but with severe restrictions that are not completely reasonable from the point of view of physics. For example, ∇b(x) H 5 (R d ) is sufficiently small that we can prove the existence of a steady-state solution for (1.2) and (1.3) and establish the large-time behaviour of Y.-P. Li smooth solutions for (1.2) and (1.3). We now state our main results as follows. We shall first prove the existence and uniqueness result for (1.7) and (1.8).
Theorem 1.1. Let b(x) satisfy equations (1.5) and (1.6) . Moreover, we assume that ∇b(x) H 5 (R d ) is sufficiently small. There then exists a unique pair (N, E), which is a solution of (1.7) and (1.8) .
We can then establish the global existence and the large-time behaviour of the global smooth solution to the Cauchy problem for (1.2) and (1.3). Theorem 1.2. Let (N, E) be the solution of (1.7) and (1.8) . Assume that b(x) satisfies (1.5) and (1.6) , and
Then there exists a positive number δ such that if 
for some positive constants α and C, where
Remark 1.3. In contrast to [13] , we establish the non-constant stationary solutions; consequently, we need to make more careful estimates in order to overcome more difficulties caused by those terms arising from the non-constant steady-state solutions and by the more general multi-dimensional case d = 2, 3. Meanwhile, we discuss the more general hydrodynamic model for semiconductors than the model which is indeed a hyperbolicelliptic system with zero thermal conductivity coefficient in [1] , because it is a hyperbolicelliptic-parabolic coupled system. 
Notation
The Euclidean norm and inner product for 
C always stands for a generic constant, C(·) means that C depends on ' · ', and ε denotes an arbitrary positive constant which comes from the Young inequality. Repeated indices mean summation from 1 to d. · dx always denotes R d · dx.
Moreover, we also give two useful inequalities which are used repeatedly in this note. 
This paper is arranged as follows. We first investigate the existence and uniqueness of the stationary solutions in § 2. Section 3 is devoted to the global existence and large-time behaviour of smooth solutions for the multidimensional non-isentropic hydrodynamic model for semiconductors.
The stationary solution of the drift-diffusion equation
In this section, we shall prove Theorem 1.1. The proof is based on the crucial a priori estimates given in the following lemma. (1.5) and (1.6) , and let (N, E) be a solution of (1.7) and (1.8) 
Proof . The system (1.7) is equivalent to the nonlinear equation
Since lim |x|→∞ N (x) = lim |x|→∞ b(x) =b, from the maximum principle we immediately find that
Now we derive the a priori estimate (2.2). We differentiate (2.3) with respect to x and multiply the resultant equation by ∇ ln N . Integration over R d leads to
using the Cauchy-Schwartz inequality and integration by parts, we discover that
Taking ∇ 2 in (2.3), multiplying the resultant equation by ∇ 2 ln N and integrating it over R d , we see that
Moreover, using (1.11)-(1.14), we get
By inserting (2.6) into (2.5) we can deduce that
.
(2.7) We then turn our attention to the higher-derivative estimates. By substituting ∇ 3 in (2.3), multiplying the resultant equation by ∇ 3 ln N and integrating it over R d , we find that
Now let us control the second integral term in the right-hand side of the above inequality. Using (1.11)-(1.14), we can conclude that
and
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Analogously, we can also prove that
Therefore, noting that ε is small enough, it follows that
In a similar manner, we can find
(2.9) Summing up (2.4) and (2.7)-(2.9), with the aid of (2.1), we can complete the proof of (2.2).
Proof of Theorem 1.1. Based on Lemma 2.1, the standard iteration technique and fixed-point principle can be used to prove the existence of a stationary solution of (1.7) and (1.8) as in [18] (we omit the details). For the uniqueness of the steady-state solution, let us assume that both (N 1 , E 1 ) and (N 2 , E 2 ) satisfy (1.7), and
It follows that, for any δ 0 0, there exists A 0 such that
(2.10)
We will prove by contradiction that the inequalities in (2.10) also hold for all |x| A. In fact, let us assume that
Then we find that
From (1.7), the two solutions, we find that
which implies that
Because N > 0, we find that d/dN ln N > 0. Further, we end up with
which contradicts (2.11). Thus, the second inequality in (2.10) holds for all x ∈ R d . In the same way, we can prove that the first inequality in (2.10) is globally valid. In conclusion, we have proved that
It follows that ln(N 1 ) = ln(N 2 ). Therefore, N 1 = N 2 and E 1 = E 2 . This ends the proof.
Global existence and large-time behaviour of the solutions for the non-isentropic hydrodynamic model
In this section we shall prove Theorem 1.2. We investigate the global existence and largetime behaviour of the smooth solutions for (1.2) and (1.3). Let (N, E) be the solution to (1.7) and (1.8), and introduce the following system:
and we have the corresponding initial data for (m, u, y, ϕ):
Therefore, the global existence and asymptotic behaviour for the Cauchy problem (1.2), (1.3) are reduced to the corresponding problem for (3.1), (3.2). Now, we can restate our main result on (m, u, y, ϕ) as follows. 
It is clear that Theorem 3.1 is equivalent to Theorem 1.2, so we only need to prove Theorem 3.1. Analogous to (1.4), we have
Since the non-local term
ds is the sum of the products of the Riesz transform of t 0 (N + m)u(x, s) ds, we find, by the L 2 boundedness of the Riesz transform [26] , that
for some constant C > 0. Using this crucial fact, we can obtain the following local existence lemma from the symmetric hyperbolic system [19, 23] .
There then exists a unique smooth solution
of (3.1) and (3.2), defined on a maximal interval existence
In order to prove Theorem 3.1, from the standard continuation arguments, we only need an a priori estimate on (m, u, y, ϕ), which is presented in Lemma 3.3. From it, we can extend the local solution in Lemma 3.2 to global existence. This method is a modification of a method introduced in [23] for the compressible Navier-Stokes equations (we omit the details).
Then there exist some positive constants δ 1 , α and C depending only on b(x) and N (x) such that, for any 0 < S < T max , if
) then the estimate (3.3) holds for any t ∈ (0, S].
In the following we thus focus on the proof of Lemma 3.3. Due to the friction term, u, the diffusion term of y xx and the fact that N (x) > 0, we can prove Lemma 3.3 by the elementary energy method. Obviously, using Lemma 2.1, the a priori assumption (3.4) and Sobolev's inequality, we have
furthermore, we can assume that δ 1 is chosen to be so small that, for some b 0 > 0,
Now we can rewrite (3.1) 3 as ∆y =
where
Then, using (3.5) and the standard L 2 -theory of the elliptic operators, we have that
and y
which imply, by Sobolev's inequality, that
On the other hand, by (3.1) 1 and (3.5), it is easy to get
Moreover, after taking ∂ j x , j = 1, 2, 3, on both sides of (3.
Analogously, we can deduce that
We will now prove Lemma 3.3 using the following three steps. First, we take ∂ l t (l = 0, 1) on both sides of (3.1) 2 to give
Then we multiply (3.11) by N∂ l t u with l = 0, 1, and integrate the resulting equality over R d . We then see that
We will estimate the integrals in (3.12). First, using integration by parts and (1.11), it follows that
with the help of (3.5) and (3.7). Note that in (3.13) we apply the formulation of div u, i.e.
to estimate the nonlinear pressure term. Moreover,
will also be employed to deal with the electric field term below. The two relations above will be repeatedly used in the subsequent analysis, and their advantages will be reflected in establishing higher-order energy estimates. Similarly, we have
On the other hand, direct computation and (1.11), (3.5) and (3.7) lead to 15) and
(3.16) By (3.1) 1 , (3.1) 4 and (1.11), it can be shown that
where we have used the fact that
Indeed, from (3.1) 1 and (3.1) 4 , we get 
Thus, (3.12), together with (3.13)-(3.18), implies that
Let us take ∂ l t (l = 0, 1) on both sides of (3.1) 3 , multiply the resulting equation by N∂ l t y, and integrate it over R d . Then we obtain
It is easy to verify that
For the fourth integral on the left-hand side of (3.21), using (3.5), (3.7) and (1.11), we can approximate as follows:
Combining (3.20) and (3.25), we discover that
We take div on both sides of (3.1) 2 , multiply the resulting equation by div u and then integrate it over R d . Integration by parts leads to
Using (3.1) 1 , (1.11), (3.5), (3.7) and integration by parts, we have
where ε is a small positive number; it will appear repeatedly below. Analogously to (3.15) and (3.17), we have
Therefore, (3.27)-(3.30) lead to
Analogous to (3.27), we take curl on the two sides of (3.1) 2 and multiply the resulting
Direct computation gives
and 
On the other hand, we multiply (
Combining (3.26), (3.36), (3.37) and (3.8) with i = 0 and (3.10) with k = 0, we obtain
for some proper positive constants η 1 , depending only on N (x). By (3.1) 2 , we have
Analogous to (3.18), we have
Hence, (3.38), together with (3.39), (3.40) and (3.9) with j = 1, leads to
for some appropriate positive constant λ 1 , only depends on N (x). Next, we establish the estimates for the second-order derivatives. Applying a method similar to that for (3.36), (3.37) and (3.38) to
respectively, by using (3.5), (3.7) and (1.11). Thus, we have
Meanwhile, taking into account
Therefore, combining (3.42), (3.43)-(3.45) and (3.8) with i = 1 and (3.9) with j = 2, we conclude
for some positive constant η 2 depending only on N (x).
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Finally, let us turn to the estimates of the third derivatives. Note that in obtaining the estimates on the first and the second derivatives we have used the smallness of
which are guaranteed by (3.5), (3.7) and the smallness of δ. However, the above arguments do not work for the third derivatives because we cannot obtain the smallness 
We will estimate all integral terms in (3.47). First, a direct computation leads to
By using (3.1) 1 , (3.5), (3.7) and the Moser-type calculus (1.12), we have
Let us now turn our attention to the first integral term in (3.49). Using (3.1) 1 , integration by parts, the Cauchy-Schwartz inequality (1.11) and a Moser-type calculus (1.12), we can show that
Likewise, we can deduce
Now it is time to estimate the terms of the form | · | 4 dx in the previous relations. Using (3.5), (3.7), (1.11)-(1.14), (3.4) and d = 2, 3 we have
Therefore, (3.47), together with (3.48)-(3.53), implies that
Analogously to (3.37) and (3.44), we apply the Cauchy-Schwartz inequality (1.11) to the identity
Next, let us take ∂ 2 x ∂ t on both sides of (3.1) 2 , multiply the resulting equation by ∂ 
with the help of (3.10) with k = 2.
In the following, we define Similarly, we can deduce that
∇ ∂ 
